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Abstract This paper is concerned with the analysis of time series data with
temporal dependence through extreme events. This is achieved via a model
formulation that considers separately the central part and the tail of the dis-
tributions, using a two component mixture model. Extremes beyond a thresh-
old are assumed to follow a generalized Pareto distribution (GPD). Temporal
dependence is induced by allowing to GPD parameter to vary with time. Tem-
poral variation and dependence is introduced at a latent level via the novel
use of dynamic linear models (DLM). Novelty lies in the time variation of the
shape and scale parameter of the resulting distribution. These changes in lim-
iting regimes as time changes reflect better the data behavior, with important
gains in estimation and interpretation. The central part follows a nonpara-
metric mixture approach. The uncertainty about the threshold is explicitly
considered. Posterior inference is performed through Markov Chain Monte
Carlo (MCMC) methods. A variety of scenarios can be entertained and in-
clude the possibility of alternation of presence and absence of a finite upper
limit of the distribution for different time periods. Simulations are carried out
in order to analyze the performance of our proposed model. We also apply
the proposed model to financial time series: returns of Petrobras stocks and
SP500 index. Results show advantage of our proposal over currently enter-
tained models such as stochastic volatility, with improved estimation of high
quantiles and extremes.
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1 Introduction

Extreme value theory was shown to provide a very useful tool in many areas of
application where precise knowledge of the tail behavior of a distribution is of
central interest. The areas where most impact was achieved are environmental
science and finance. In financial applications, the main concern is an accurate
assessment of the probability of huge losses or gains for any given stock. The
same is valid for other financial indicators such as currencies, interest rates
and futures. In environmental applications, Nascimento et al (2011, 2012),
Parmesan et al (2000) and Huerta and Sansé (2007) are just a sample of a
large literature concerned with extremes in climatological features such as rain
and temperature.

One approach of modelling extreme data is to consider the distribution of
exceedances over a high threshold. Pickands (1975) showed that the limiting
distribution of exceedances over suitably large thresholds behaves in a very
stable fashion, converging to a the generalized Pareto distribution (GPD).
Let = be the excess over a high threshold, say u. It is said that x follows a
generalized Pareto distribution with tail parameters £ and o, denoted here by
GPD(z;€,0), if its cumulative distribution function (cdf) can be written as

NE
G(x;g,(f):{l—(”i) , HE20 (1)
1 —exp(—z/o), itE=0

The tail parameters are the shape ¢ and scale o. The support of a GPD is
x>0 when £ > 0,0 <z <0/|f| when £ < 0 and the data is said to exhibit
heavy tail behavior when £ > 0.

Traditional analysis of such a model is performed by fixing the threshold
u, which is chosen either graphically by looking at the mean residual life plot
(Coles, 2001; Embrechts et al, 1997), or by simply setting it at some high
percentile of the data (DuMouchel, 1983). Nevertheless, the literature showed
how the threshold selection influences the parameter estimation (Coles and
Powell, 1996; Coles and Tawn, 1996a,b; Smith, 1984). Behrens et al (2004)
proposed a model to fit extreme data where the threshold itself is one of the
model unknowns. More specifically, they proposed a parametric form to explain
the data variability below the threshold and a GPD for the data above it. More
recently, Nascimento et al (2012) generalized Behrens et al (2004) allowing
more flexibility below the threshold with a finite mixture of distributions.

However, all previous models consider static GPD parameters. In many sit-
uation, the tail behavior governing the extremes may change with the passage
of time. Time trends and seasonality are only a few of the reasons for these
changes and introduce temporal dependence in the evaluation of extremes.

Finance and Environment Studies are key areas of application of extreme
value theory. Both provide useful insight into the need for time-varying models.
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The most famous environmental issue associated with time variation is global
warming, where the behavior of extremes seem to suggest that trends are
taking place. The El Nino is another example where seasonal effects are known
to occur. Determination and quantification of these temporal variation is vital
in understanding the climate pattern and establishing control policies. An early
account of the relevance of time series modeling in the analysis of extremes is
provided in a study of ground level ozone by Smith (1989). Similar ideas were
also applied in the reliability context by Smith (1986). Finance studies are
also affected by time variation. The returns of financial assets are known to
behave according to non-linear time series. Failure to recognize and quantify
these changes will inevitably lead to biased estimates of important decision
quantities such as VaR and volatilities. It will be shown that time-varying
extreme models are capable of capturing adequately the changes of financial
markets, helping financial analysts and their investors with their portfolio
allocations. See, for example, Zhao et al (2011), who uses a GARCH structure
to model the time varying parameters of a GEV distribution for financial
returns data.

The evidence in favor of time varying models in these settings is overwhelm-
ing. As an example, consider the time series of absolute returns of stocks of
Figure 1. Details about this dataset are provided in Section 4. Assume the se-
ries is divided in 2 equal parts and separate static extreme value analyses are
performed for each half with the approach of Nascimento et al (2012). Figure
2 shows the results of this exercise. Markedly different patterns are observed,
with strong evidence of a light tail behavior (£ < 0) in the first half and a
heavy tail behavior (¢ > 0) in the second half. These results are expected
and reflect the market volatility of the time frame considered. Although it is
possible to adapt the model to consider one or multiple change points (see,
for example, Dierckx and Teugels (2010)), it might be more convenient, either
or both computationally or methodologically, to entertain the possibility of
(quasi-)continuous variation in the model’s parameters.

This paper extends previous models by allowing the GPD parameters to be
time dependent. These feature will be shown to be important when modeling
real datasets, such as in financial time series data (see Section 4). Basically,
this is achieved by embedding the extreme parameters in a non-linear dynamic
system (West and Harrison, 1997). A similar idea was proposed by Huerta and
Sans6 (2007), where dynamic models are used to describe temporal variation
of the location of GEV distributions. The approach is used to model daily
ozone levels in the US.

In our work, both GPD tail parameters are allowed to vary simultaneously
in time. Reparametrizations are used to adequately accommodate time vari-
ations. Also, interest interpretations are introduced as the shape represents
the tail weight. Data variations over time may lead to change in the tail be-
havior with light tails observed at some times, leading to finite upper data
limits, while heavy tails may be observed in other ones. These features seem
to capture well periods of turbulence when financial data is analyzed, as will
be illustrated later in the applications section.
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The remainder of the paper is organized as follows. Section 2 introduces our
proposed model. We also discuss the prior specifications for model parameters
and, in particular, introduce the DLM in the GPD context. We carry out
simulation study and discuss the performance of our model in Section 3. In
section 4 the model is applied to financial time series from stock exchange
data. The relevance of the changes introduced in this paper will be illustrated
here. Section 5 concludes the paper.

2 Time-varying tail behavior

Consider a time series y; where, for a high threshold w,, it is assume that
{yt|ly+ < us} is modeled by a finite mixture of distributions, while {y:|y; > u:}
follows a GPD with time-varying parameters u;, & and oy.

In this model, the parameters characterizing extremal behavior change
with time. The model will be completed below with a mixture specification
below the threshold. The nature of the mixture for the description below the
threshold does not render any meaning to its components. The non-parametric
nature of this specification enables the best possible marginal fit for this part
of the model. Further dependence could be introduced in the central part eg
via copulas. This is not pursued here since the main aim of the model is to
estimate time-varying extremal behavior.

2.1 Modeling below and at the threshold

Given the lack of information below the threshold, non-parametric approxima-
tions seem a natural choice. Tancredi et al (2006) uses a mixture of uniform
densities for the central part of the data and the number of observations be-
yond the threshold is a parameter to be estimated. Macdonald et al (2011)
use a kernel density estimator to fit the data below the threshold. Wiper et al
(2001) showed that a mixture of Gamma distributions, denoted here by MGy,
provides a good approximation for distributions with positive support. Nasci-
mento et al (2012) used this approach with good results both in terms of
density estimation and reliable threshold estimation. The probability density
function (pdf) of this mixture is given by

k
h(l’;/l,,()é,p) :ijfGa(x;/ij,aj)a (2)

Jj=1

where p = (p1,..., %), @« = (a1,...,ax), p = (p1,-..,pr) is the vector of
mixture component weights and fa,(x; 1, ) is the Gamma density with mean
W, variance p/a and evaluated at . The means ;s and shapes os may take
any positive value and weights p;s are positive and add up to one. The number
of components £ may be known and fixed or an additional model parameter
and estimated. There are a number of options for choosing the number of



Temporal dependence in extremes with dynamic models 5

components. These include the use of a summary criteria, estimation of this
number and posterior predictive approaches. The number of components may
be estimated by reversible jump MCMC schemes but this inevitably involves
an increase in computational costs. Dey et al (1995) shows that a small num-
ber of components is enough to describe the main features of the density in
many applications. Nascimento et al (2012) showed in simulations and real
applications of analysis of extreme data with mixture models that inclusion of
irrelevant components will lead to negligible weights for them, thus providing
an indirect determination of the number of components. They also showed that
standard summary criteria such as BIC (Schwarz, 1978) and DIC (Spiegelhal-
ter et al, 2002) seem to work well in these settings. These ideas are used in
our applications of Sections 3 and 4.
The priors for p and « follow Wiper et al (2001), and are given by

K
pps ooy i) o HfIG(Mi;ai/bi,bi)I(ul <pg <. < pg)

i=1

and

k
plar,..,ax) = [ [ fre(eis cifdi, di),

i=1

respectively. The order restriction on the u’s is imposed to ensure parameter
identifiability. Nascimento et al (2012) discuss this issue for related models
and provide theoretical and empirical evidence that the model is identified,
based also on similar mixture results from Wiper et al (2001).

The prior distribution for the weights p is assumed to be a Dirichlet distri-
bution D (y1,...,7k), whose density is proportional to Hle p;*. The hyper-
parameters of the inverse gamma distributions, a;, b;, ¢; and d;, fori =1,... )k
are chosen to characterize little prior information regarding the p’s and the
a’s. For the weights p, the hyperparameters in + are chosen such that v; =
-+ =y, =y a priori, where 7 is large enough to induce large prior variability.
More details can be found in the simulation exercise of Section 3.

2.2 Modeling above threshold

It is well known that the Gamma distribution belongs to the maximum domain
of attraction of a Gumbel distribution. It can be easily shown that the result
can be extended for mixture of Gamma distributions based on the results of
Embrechts et al (1997), page 156. This turns out to be a necessary condition
for modeling the excess over the threshold via a GPD. Therefore, combining
the two parts of the data, the cdf of y; is

Fy(y;0) = H (ys; pi, v, p) if ye <u
T H(u; p, 0, p) + [1— H(us piy 0, p)|Glye — us €,0) if gy > u
(3)
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where ©; = (p, o, p,u,&,0), u = {us}, & = {&}, 0 = {0} and H(;p, a,p)
is the cdf associated with the mixture of gammas pdf h(-;6,p) in (3). Con-
sequently, for a sample of observations y = (y1,---,yr), the full likelihood
function for the model can be written as

L(y; 0) = H h(ye; 1, o, p) H (1 — H(ug; py 00, p))g(ye — ue; &, )
{tlye<ut} {tlye>us }
(4)

Notice that observations y; below the threshold u; only contribute to the
likelihood via the first product on the right hand side of the above likelihood
equation. In other words, learning i,  and p is solely based on the set of y;s
below wu;. Similarly, learning &; and o} is solely based on the set of ys above
uz, which is usually a much smaller set than the one below ;. Learning about
u; is based on a combination of the two likelihood components. It is exactly
the distinction between these two parts that enables the threshold estimation.

Another advantage of this class models is the case with which higher quan-
tiles can be obtained. It is straightforward to obtain the p-quantile, by

(L—p*) =% — 1oy
& ’

where p* = {p — H(u; | p,n,p)}/{1 — H(us | p,n,p)}, for quantiles beyond
the threshold. Typically, one is interested in high quantiles well above the
threshold but similar calculations can be performed for lower quantiles, even
below the threshold.

(5)

q=us+

2.3 Dynamic modeling

The model allows for time variation of the GPD parameters ¥; = (u, &, 0¢)-
These parameters are expected to be related and can be described probabilis-
tically in an evolution form

L2 :g(wt—lth)v (6)

where ¢ is a possibly non-linear function and the w; are random disturbance
random vectors. The temporal relation (6) serves a number of purposes: a) it
induces temporal correlation between observations; b) it allows for informa-
tion to be borrowed from successive times thus strengthening the inference
procedures; c) it establishes smoothness constraints in the GPD parameters
thus avoiding unrealistic discontinuities in their temporal evolution.

A number of possibilities are available through (6). The most common
ones are the inclusion of trend and seasonality in some model components.
Obviously static parameters are contained in this class of models as the limiting
case where g is the identity function and w; = 0, for all t.

The simplest non-degenerate form of this model is provided by the first
order dynamic linear model (DLM), as in West and Harrison (1997). It can
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be used to model directly the GPD parameters across time. A simple local
evolution would assume that

§t = &1+ wey we,s ~ N(0,1/We)
Or = 0¢_1+ Wot wey ~ N(0,1/W5)
Up = Ut—1 + Wyt Wyt ~ N(0,1/W,,)

where the precisions Wg, W, and W, drive the local evolution and degree of
smoothness of £, 0 and u and can be user specified or estimated.

The above specification assumes that u, o and £ are real values. However, u
and o need to be positive, while Smith (1984) showed that maximum likelihood
estimators are inexistent when £ < —1. Therefore, the above model can be
revised by applying a first order DLM to transformed parameters lu; = loguy,
loy = log o, and 1€, = log(& + 1) as in

16 = Ot +ves ver ~ N(0,1/Ve), Oy = Ogp1 +wes wer ~ N(0,1/We)
lot = 90715 + Vo,t Vot ™~ N(O, 1/V0')7 90715 = 90'71&—1 + Wot Wo,t ™~ N(O, 1/W0'X7)
lug = Oyt + vt vy ~ N(0,1/V), Out = Oy 1 + Wy Wy ~ N(0,1/W,,),

for t = 1,...,T and the initial information 6g¢ ~ N(moe,Cog), 60,0 ~
N(mo,»,Cos) and bg,, ~ N(mg., Coy). The additional system disturbances
V¢ t, Vot and v, + have proved useful to provide further smoothing to the latent
evolution of the GPD parameters and their use was supported by the data.

The priors for Vg, V, and V,, are Ga(fe,0¢), Ga(fr,0,) and Ga(fy,04),
while the priors for We, W, and W, are Ga(lg, me), Ga(ly, my) and Ga(l,,, my,).
Care must be exercised as very large prior variances may cause no convergence
of the MCMC algorithm. However, simulation studies showed that the prior
information does not need to be very precise. Similar to the hyperparameters of
the mixture components, the vector (mg ¢, Coe, m0,05 Coo, Mo,us Cous fe, 0¢s [, 00,
fu, 0w, le,me, Lo, me, Ly, my,) is chosen to induce vague prior information. More
details can be found in the simulation exercise of Section 3.

The logarithmic transformation of the threshold was applied in (7) but is
typically unnecessary given this is a location parameter and given the negligible
amount of probability below the lower limit of the data support, typically set
at 0. So, luy can be replaced by u; with appropriate care with the truncation
below 0.

Many other possibilities are available with the broad spectrum of state
space models rendered by (6). In particular, (7) can be further simplified by
allowing some of the model parameters to be static. For example, if the thresh-
old w is deemed to remain constant through time, it may be dropped from the
evolutions in (7). In this case, a normal distribution with parameters (p,, 02),
truncated below 0, may be assumed. The parameter p, is typically set at a
high data percentile and 02 may be large if one wants to represent a fairly
noninformative prior. Nascimento et al (2012) performed a sensitivity analysis
in simulations and showed that mild information is enough to ensure appro-
priate recovery of the true threshold. The mild information is in the form of
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a prior variance value large enough to cover the data range with high prob-
ability. This issue is only relevant for small and moderate sample sizes. For
large sample sizes, the threshold is well recovered with any prior variance. A
normal distribution to the logarithm of the threshold is another possibility to
avoid the truncation, as in (7), but the effect of the truncation is negligible in
all our applications.

2.4 Posterior and Predictive distribution
From the likelihood function and the prior distributions specified above, we

use Bayes’ theorem to obtain the posterior distribution, up to a normalizing
constant, as follows

k
CIE || [ijfaa@t;uj,m)]
j=1

{tlyt<u}
k
x H [(1 - ijFGa(U; uy»m)) 9yt — Euat)}
{tlyt>u} j=1
k
y H {p?n;u 7bj7,jﬁjf<cj-+1>efdj/,ﬂ
Jj=1

T
T/24fe—1 V.
x V5 /2+fe exp <2f Z(lft — 0§,t) — Og‘/ﬁ) exp (
We
e Zws,t —0g,i-1)" = msw»s)

9 _ 2

T
_ Ve
X VUT/2+f" 1 exp ( 7 Z(lat — 907,5)2 — ogVU> exp

B ( 2C, m))
t=1
- T
x Wg e exp (‘J D (60 = 00,0-1)* - maWo>
t=1
v T
T u
X V. /2 fu=1 o P ( 7” Z(lUt — eu,t)Q - OuVu) exp ( 2C.. 0 0u,0 — mu,O)Q)
t=1
- T
x WE/QH“*l exp (—2“ Z(Qu,t - 9u,t—1)2 - muWu) (8)
t=1

with @ = (/iaaap»% {lft}thla{lUt}thl»{aﬁ,t}tT:Oa{oa,t}tT:OaVEvaW&Wa)'
The likelihood in the first and second row, while the prior for the parame-
ters below w is in the third row. Fourth to seventh rows are the priors for the
DLM precisions and the latent state space variables. As expected, posterior
inference is analytically infeasible, so Bayesian inference is performed through



Temporal dependence in extremes with dynamic models 9

a customized Markov Chain Monte Carlo algorithm (Gamerman and Lopes,
2006), which is outlined in the appendix.

3 Simulation study

We test our model and posterior sampling algorithm on a simulated data set.
The data set is generated as follows: i) starting from the given value of 6¢ ¢
and 6, o, we generate an ordered sequence of {I&;}_; and {lo;}7_, using DLM
equations as specified in Section 2, then ii) we draw an ordered sequence of T'
observations from G(u, ) and iii) define u as constant in time and set at a high
quantile g, from the generated sample. Let 7} be the number of observations,
out of T', that are below u. Retain these T observations and keep their values
and iv) replace T' — T} observations above u with draws from GPD(&;, 04, u),
with ¢ corresponding to the location of the observation being replaced. The
parameters used in the simulation are as follows: T € {1000, 2500, 10000},
u = ggo, & = 1.0, p = 5.0, 0¢ o = 0.2 and 0,9 = 2.0, where ggo is the 80th
percentile of the sample, Ve = 200, V, = 200, W = 1000 and W, = 1000.
These correspond to standard deviations of the order of 0.071 and 0.032. This
specification is reasonable to mimic the behavior of daily data where abrupt
changes are unlikely to occur between consecutive days. The sample size T
and p automatically define the value of the threshold parameter u. Obviously,
the average number of observations above the threshold are in {200, 500, 2000}.
We implement the MCMC algorithm detailed in the appendix.

The priors used are as described in Section 2. More specifically, p; ~
IG(2.1,5.5) and n; ~ G(6,0.5), for j = 1,..., k. These distribution have mean
around the actual parameter value but with large variance to represent lack of
information: The prior variances of ;s and n;s are 250 and 24, respectively.
Additionally, Dj(0.01,...,0.01) is the prior for the weights p and N (ug, 10) is
the prior for the threshold parameters, u, for ug the true value. This distribu-
tion is relatively vague with a 95% probability interval from 3.7 and 16.3 for
the threshold, covering more than half of the observations.

The hyperparameters of the prior distributions for the parameters driving
the dynamic model are mg¢ = mo,, = 0.2, Co¢ = Cp,, = 1000. The other
hyperparameters (fe, o¢, fs, 05, lc, Me, 5, M) are chosen such that the priors
are centered around the true values with standard deviations around 100. The
chains are initialized from the respective prior distributions. After a burn-in of
150,000 iterations, the remaining 50,000 iterations are used for inference. The
posterior mean and variance are computed after thinning at every 100 steps,
leading to posterior approximations based on 500 draws. Convergence was
established for all model parameters based on standard convergence diagnostic
tests. Two parallel chains are run from distinct initial values.

Table 1 gives the posterior mean and the 95% posterior credibility interval
for every model parameter except {I&:}/_;, {lov}i_q, {0c iy and {054} ;.
The posterior mean of each parameter is close to its respective true value, and
the true value lies within the corresponding 95% posterior credibility interval.
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As expected, estimates are more accurate for larger samples sizes for both
parameters below and above the threshold. Figure 3 shows the difficulty in
estimating tail parameters when the (tail) sample size is relatively small T =
1,000 (71 = 200). The results are more stable and reliable when T = 2,500
and 7' = 10, 000.

In addition to posterior inference of the parameters that define the model,
it is commonly desirable to learn about the extreme quantiles. This paper
adds to the literature by introducing the ability to learn the time-varying
behavior of extreme events. Figure 4 shows estimates for the 95th and 99th
percentiles of the data over time, for 7' = 1,000 and T' = 2, 500, respectively. In
both examples, the estimated percentiles virtually match the actual, simulated
ones.

Recall that when ¢ is negative, the support of the GPD has a finite maxi-
mum, given by u — 0/¢. When dealing with time varying ¢, it is possible that
a finite maximum exists at a given time but not at subsequent times depend-
ing on whether & remains greater than zero or not. Figure 4 shows that true
maxima are well estimated by the model.

4 Application to stock returns

The dynamic extreme value model is now applied to the study of two financial
time series: i) Petrobras! returns and ii) SP500 Returns, is a stock market index
based on the market capitalizations of 500 large companies having common
stock listed on the NYSE or NASDAQ. The data sets are thus chosen given
their importance to financial market and the presence of many extreme events.
For each data set, the original data, daily closing prices p;, are first converted
to daily returns via x; = p;/p;—1 — 1, and then converted into the data we use
by y: = 100 X |z —Z|, where Z is the sample average of ;. The subtraction of Z
from each z; is used to avoid zeros in the converted data and the multiplication
of 100 is introduced for convenience of presentation. Absolute values are used
since financial data sets usually exhibit clusters of high volatility, caused by
either positively or negatively large returns. Both positive and negative large
returns are important in most practical volatility evaluations by risk analysts.
The analysis reported here are based on a constant threshold with normal
prior distribution and time varying scale and form parameters of the GPD.
The threshold parameter, either constant or time-varying, is the hardest to
form posterior inference about and it particularly susceptible to identification
problems. Nascimento et al (2012) proposes a middy informative prior for the
(constant) threshold parameters. See also Cooley et al (2012).

The same convergence criteria of the previous section were applied in this
Section to ensure appropriateness of the results. In order to avoid excess return

1 Similar results, not presented here but available upon request, were obtained when
analyzing Vale do Rio Doce, which is, along with Petrobras, the biggest (non-banking)
company in Brazil.
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clustering, maxima of sets of k days are considered. When analyzing SP500 and
Petrobrés data, we considered groups of £ =5 and k = 3 days, respectively.

Petrobrds. We analyzed daily absolute returns for the Petrobras company from
October 8st 2000 to February 18th 2014 or 1131 3-day maxima. Petrobras is
the state-run Brazilian oil company and is ranked among the top 50 biggest
companies in the world. This period includes the credit crunch that affected
major financial markets around the globe (Lopes and Polson, 2010). This is
highlighted by the larger volatility for the second half of the observed time
series (the credit crunch of 2007-2008) as indicated by the left panel in Figure
6.

The following models were entertained: i) stochastic volatility AR(1) model?
ii) mixture of Gamma distributions, denote here by M Gy, iii) mixture of gam-
mas below threshold and GPD beyond threshold with static parameters, de-
noted MGP Dy, and iv) mixture of gammas below threshold and GPD beyond
threshold and time-varying tail parameters, denoted M GPDLMj. The pro-
posed model was also implemented when £ or o are constant. The subscript &
denotes to the number of components in the Gamma mixture for all models
entertained. Table 2 compare these models for each time series via the de-
viance information criterion (DIC) of Spiegelhalter et al (2002). Our proposed
model clearly outperforms the existing alternatives.

Table 2 shows that GDP with time-varying parameters fits well the data
beyond the threshold, better than all alternative models. The best model ac-
cording to table 2 is indeed the proposed one, where ¢ is time-varying and o
constant.

The left panel of Figure 5 presents the time-varying behavior of ¢ for
Petrobrés. The figure shows 2 time periods when these become larger. The
most prominent one corresponds to the 2nd semester of 2008, a period of cri-
sis with larger returns in absolute value. The scale parameter & reflects the
increase in the weight of the tail, typical of more volatile market conditions.
This will also impact the estimation of higher quantiles, that will typically
increase as the scale of the GPD gets larger.

As discussed earlier in the simulated example, one of the key features of
extreme value models is the possibility of computing high quantiles of the
data, which is exacerbated when dealing with financial time series data with
time-varying variance components. The left panel of Figure 6 shows that both
the 95th and the 99th percentiles of Petrobras’ absolute returns follow the
data pattern, specially so during the crisis in the 2nd semester of 2008.

Figure 7 shows the estimation of the maximum and high quantiles at any
time point, with posterior probabilities of £ < 0, which implies a sharp upper
tail. It also shows that higher quantiles get larger and the upper limit vanishes
during periods of crisis. During calm market periods, these tend to allow for
a finite upper limit to the values of the series with probability close to 1. In
these cases, the very high 99.9999% quantile and the upper limit become close.

2 See, for instance, Lopes and Polson (2010) and their references for further details on
stochastic volatility models.

)
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In order to investigate how excess returns are affected by changes in £, the
left panel of Figure 8 shows the expected return plot over t. The return curve
has higher levels around 2008. For example, a return level of about 10% was
expected once every 50 time periods in 2003, but once every 18 time periods
in 2008.

SP500. We analyzed daily absolute returns for the SP500 Index. Here we ana-
lyzed data from Jaguary 2st 1950 to February 18th 2014 or 3345 5-day maxima.
Similar to the analysis of the Petrobras dataset, Table 2 shows that a MGDP
with time-varying parameters fits well the data beyond the threshold, while
a single gamma distribution is not enough for the data below the threshold.
Once again, our proposed model turned out to be the best model, with time
varying o and constant . The right panel of Figure 5 show that for a long pe-
riod of 64 years the time series, the scale parameters exhibits large variability,
with visible peaks in 1973, 1982, 1999 and 2008, all of which corresponding to
well established market crisis (Carvalho and Lopes, 2007).

The right panel of figure 6 presents the time-varying behavior of high quan-
tiles, which are fairly synchronized with periods of higher returns. The right
panel of Figure 8 shows the expected return plot over t. The two outer courts
correspond to 1988 and 2008, which are periods of low and high volatility,
respectively.

5 Conclusions

In this paper we propose an extension to the mixture model used by Nasci-
mento et al (2012), by allowing parameters to vary across time. Dynamic
linear models are introduced to model the time-varying behavior of tail pa-
rameters of the GPD. Posterior inference is accomplished approximately with
MCMC methods that are extensively applied, with particular emphasis on the
Metropolis-Hastings and Gibbs types. A simulation study was performed and
the results have shown that we obtained good estimates of the parameters and
successfully caught the major time-varying patterns of the shape parameter.
The real applications have also been encouraging in which they all point out
towards the existence of time varying tail behavior in common financial time
series data, even to the point of favoring this approach when compared against
standard procedures such as stochastic volatility models.

An immediate extension of our proposal, is to consider more complex dy-
namic structures for £, o and u. Huerta and Sansé (2007), for example, used
second order dynamic to model growth of the location parameter of a GEV
distribution. Another extension involves dynamic regression structures for &
and/or o, where external, possibly exogenous, information might be combined
with standard dynamic structures.
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Appendix - MCMC scheme

In this section we detail the MCMC algorithm we designed to perform poste-
rior inference regarding ©. Following from the updated 1&{y: > u},lo{y: >
u},u, o, and p are drawn using standard Metropolis-Hastings steps. Simul-
taneously, also following from & {y; < u},lo{y: < u}, Ve, Vo, We, Wy, 0 and
6, are drawn via Gibbs steps. Suppose that at iteration s, the chain is at ©(%).
Then, at iteration s + 1, the algorithm cycles through the following steps.

Sampling (u,«). The components of (u,«) are sampled separately for each
mixture component. The «a;’s and p;’s must be positive. Therefore, o is
proposed from a;’f|a§s) ~ G(a§.s),a§s)2/vaj). Note that, E(a] | a(s)) ;s),
and Var(aj | ag-s)) = Vg, for j = 1,... k. Same procedure is adopted for
the proposal for f;, given by uj|,u(-s) ~ G(ug- ,u] /V )14, where T4 =
I(M(SH) <...< ugsﬁl) < ugs) < M§?1 < ... < ,u,(c)) and the difference
(s+1)

that they must also obey the order constraint. The values a; = o and
u§5+1) = p; are accepted with probability

e 707 |y) foa (037 |15 157 /Viuy) foa (@70 a3 /Va NI <<y << ™)
min — S -
(Oly) faa(wyn?, 1§V, )fca(a*la( LSV V(T << S < <)

where

o* :(a(j;rl),a;,a(;) Sjl) ,L;,M(;J?‘,,@),u( s) {lg( hr |, ol hT “’(S)}t S }ti vgs),vés),wés),wés))
and

6 = (D, ) L L) ) el T L 1n VT 0ENV T 0Dy v v w) W),

with y<l (y17 oo yi—1) and y>; = (i, - - -, Yx), for any vectory = Y1y Yk)-
Sampling p. p* is sampled from a Dirichlet with parameters (Vppg ), RN Vpp,(:)),
where V, is a tuning constant that determines the variance of the proposal dis-
tribution. Then, set p(6+1) = p* with probability
wmin1, (6"13) /oo™ )/ (619 Io(o" ). whre

= (@D D p w ) et T (1ol {08 Y {05 g, VI VD, W W)
and & = (@l#+D), W41 ), ) Qe VI, {10V 10D L (06 Hg, VA, VIO, WD w00,

Sampling {1& )} ,. For a value t between 1 and T, if 2; < u(®, then the
parameter can be samplet by: 1€ ~ N (6% N ), 1/V; S)) Now, if z; > u(® its
necessary sampling [&; by Metropolis algorithm. The proposal distribution to
I} is a truncated Normal N(lé“t(s)7 Ke4)I(&u,00), where {y = log(—ogs)/(xt -
u®) +1), 0¥ = exp(lo'®). Then, 1657 = 1¢ with probability

mm{l (O )P — &)/ /Ker)) }

m(Oly) (& — &v)/v/Ker))

where o — (a(s#»l)’“(5+1)1p(s+1)‘,’"(s))l£(<5+1) 1€, IE(S) {,(,( )}T WS;HT:O* Wff,i)?:ov Vg(S)’ V;s)’ ws), W(SS))

and & = (ale+1), plF ) plet) () el ;g,{za< N A0S A0S g, VE VD, W w0,
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Sampling {lo;}I_,. For a value t between 1 and T, if z; < u(®), then the
651, 1/V)). Now, if z; > ul®)
its necessary sampling lo; by Metropolis algorithm. If gt(”” = exp(l§t(s+1)) —
1 > 0, sampling lo} by N(lat(s),KU,t). Then, lat(SH) = lo} with probability
min{1, 7(6*|x)/7(O|x)}. If ft(s'H) < 0, the proposal distribution to lo} is a
truncated Normal N(logs), K, 4)I(ou, ), where oy = log(—égs)) + log(z; —
u(®). Then, lo\""") = o7 with probability

mm{lﬂwfwéwd”—aw/wKn»}
R @la; — )/ Kr) |

where o% — (a(s+1), ,(s+1) | (1), (5) ety lgsj-l)y o, l”gv {92‘72}3;0* {922}?:0* V;s)y v w) wlo)
and 6 = (a(5+1), H(s+1)7p(s+1),u(5)7 {l5£5+1)}z“=1, la.St‘Fl)7 la(zst)’ {92?2}3;07 {9((;,2 3‘=07 Vg(S)’ Va(S)’ Wés), W§S>)~

parameter can be samplet by: la,ﬁsﬂ) ~ N(

Sampling u. The proposal threshold u* is sampled from a N (u(®), Vu)I(u(LS), 00),

where

u(LS) = max{min(zl,...,:vT), X (z¢ +U(s+1)/(5§s+1)(1+5£S+1))))} )

ma
{68 0,0 >ul®)}

V, is the proposal variance distribution to the threshold. The value u(**t1) =
u* is accept with probability

min {1 (0 [x)((ul) — ug”))/m) }
m(OP)P((u* — u)/V/Va)

where o = (a(s+D), W (sH1) pGFD) u(o), el T | e+ T {sést)}tT:O, TOSAY A vg(”, v, wé”, wi*)

and 6 = (4D, uC D p0+D el VT 0D T, (00 Ty v v w ) wi),

Gibbs steps for the parameters of the dynamic linear models. It is relatively
simple to show that Vg, We, 0¢, V,, W, and 0, can be updated via Gibbs
steps

ngrI T

V<5“>~G< 2 fet 5
3 s s s JE ?

D DA (/S e ) Y

s le+ L T
Ws(H)NG( e 2’l€+2>’
me + Zt:1(95,t - 95,%1)

s+1 s
pety N Wt VB + meo/Ceo 1
0 WE(S_H) + 1/05’0 ’ Wg(S-H) + I/C&O ’
s+1 s+1 s+1 s s+1
g+l N VeI Wt 0, - 00) 1
&t Vg(s+1) +2W5(s+1) ’Vé(s+1) +2W€(s+1) ,



Temporal dependence in extremes with dynamic models 15

(s+1) (s+1 s+l) (s+1)
) o N Ve ler O¢r-1 1
3 V(erl) W(s+1) ‘/§(s+1) + Wg(erl)
VD ot 3 £t 5
o gt _ 9(8 e ’
0y + Zt 1 (loy 1)?
wet) o G lo 4’(* & 7ZG+T>,
me + Zt 105 g\ eost 1)? 2

o

(W(S+1)0§sl +mg'0/CUO 1 >

) L 1/0,0  WETY +1/C,,
1 1 s+1 1
pls+1) Vetio s+ bWt )(9((7'st+1 gc(rs:_ 1)) 1
s+1) + 2W(s+1) VU(5+1) + 2W(§s+1)
t=1,...,T—
s+1 s+1 s+1 s+1
P V( LWl )957 T-1 1
o, T s+1) + W(erl) ’ VU(erl) + Wéerl)
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Tables and Figures

T=1,000 T=2,500 T=10,000
True | Mean 95% C. 1. | True | Mean 95% C. L True | Mean 95% C. L.
Z | 5.0 18 @451) | 5.0 18 (A75.0) | 50 | 4.94 | (4.82,5.05)
o« | 10 1.0 | (0.96,1.14) | 1.0 | 1.02 | (0.97,1.08) | 1.0 | 1.0l | (0.98,1.03)
w| 75 7.6 (7581) | 7.8 7.8 (77,7.9) | 7.9 7.9 (7.8,8.0)
0eo | 02| 0.26 (0.1,04) | 02| 0.20 (0.0,04) | 02 | o0.16 (0.0,0.4)
900 | 2.0 2.0 (1.9,2.2) | 2.0 2.0 (1.8,2.2) | 2.0 2.0 (1.8,2.1)
Ve | 200 184 | (34, 434) | 200 214 (79,442) | 200 228 (74,473)
V, | 200 196 (46,402) | 200 193 (74,404) | 200 155 (53,390)
We 1000 998 (814,1189) 1000 1025 (847,1220) 1000 1006 (841,1178)
We 1000 997 (810,1199) 1000 1020 (839,1219) 1000 1017 (840,1216)

Table 1 Simulated data: True values, posterior means and 95% posterior credibility inter-
vals of model parameters.

Model
Time series | MGy | MGPDy SV Prop | Props | Propg
Petrobras 4529 4524 4885 4467 4444 4525
SP500 9412 9438 9338 | 9297 9320 9295

Table 2 Real data: Deviance information criterion for Petrobras and Ibovespa. MGy and
MGPDy, are the models within each class with the smallest deviance. SV is the standard
stochastic volatility model with AR(1) dynamics for log-volatilities. Prop is the proposed
model and Props, and Propg are respectively the proposed model with o and § constant.
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Fig. 1 Series of absolute returns of Vale stocks. The grey vertical mine indicates the point
where the series was split into 2 parts.
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Fig. 2 Posterior histograms of parameter £ of the GPD distribution for Vale stock series.
Left: 1st half of data; right: 2nd half of data.
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Fig. 3 Simulated data: Posterior means and 95% credibility intervals for &, o¢, 0¢; and
0o,¢. Sample size T'= 1,000 (top two rows) and T = 2,500 (bottom two rows). True values
are the solid lines.
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Fig. 4 Simulated data: Simulated data along with simulated (solid line) and posterior mean
(dotted line) for extreme quantiles. Top frame: T = 1,000 observations and 95th quantiles.
Bottom frame: T' = 2,500 observations and 99th quantiles.
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Fig. 5 Posterior means and 95% credibility intervals for &; for Petrobrés (left) and oy for
SP500 (right).
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Fig. 6 Time series of absolute returns along with 95th and 99th percentiles for Petrobras
(left panel) and SP500 (right panel)
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Fig. 7 Time series of absolute returns of Petrobrés along 99.9999th quantiles and maximum
when the posterior median of £ < 0. The grey area represents the posterior probability of
existence of a finite maximum, P(& < Oly), for all ¢.

Fig. 8 RETURN LEVEL PLOT FOR APPLICATIONS, IN DIFFERENT POINTS IN
THE TIME. LEFT: Petrobrdas IN October 2000 (Full), February 2003 (Grey) and July
2008 (Dashed). RIGHT: SP500 IN JANUARY 1950 (Full), April 1988 (Grey), March 2008
(Dashed) and February 2014 (Dotted).



