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Abstract

The literature on financial machine learning has growth rapidly with studies encompassing
several asset classes, chiefly for the stock market. We apply machine learning methods
to Brazilian stocks cross section of monthly excess returns by using Brazilian stock
factors while adding a vast set macroeconomic ones as our research primary contribution,
for which the literature on Brazilian equities is scarce. We confirm recent results that
ML models drive a substantial improvement in out-of-sample R? predictive power over
traditional OLS models. Running an out-of-sample variable importance analysis, we also
found macroeconomic factors overweight firm-related ones, with a slight predominance of
country risk (EMBI Brazil Index), followed by the expectations of economics conditions,
and Brazil’s commodities composite index, and credit-to-GDP ratio. Our findings suggest
a high relevance of macroeconomic factors when predicting monthly excess returns for
Brazilian stocks. (JEL C52; C55, C58, G0, G1, G17).

Keywords: Brazilian stocks, empirical asset pricing, macroeconomic factors, machine

learning methods
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1 Introduction

Asset pricing is a fundamental concept in finance, focused on determining the value
of financial assets. Traditional models, such as the Capital Asset Pricing Model (CAPM)
and the Fama-French multifactor models, have provided significant insights but often fall
short in capturing the intricate dynamics of financial markets. Machine learning offers
powerful tools to address these limitations by handling large datasets and identifying

non-linear patterns, while improving predictive performance.

The focus of our research is to conduct a comprehensive examination of a broad
array of machine learning methods to investigate the behavior of expected stock returns,
with particular emphasis on comparative analysis among these methods while introducing

a broad set of Brazilian macroeconomic factors.

The literature in Financial Machine Learning (see a comprehensive overview Bag-
nara (2024) and Kelly e Xiu (2023)) is still nascent but has grown rapidly. Whilst research
using US data sets is somehow abundant, research on ML methods for Brazilian stocks
with a focus on macroeconomic factors is significantly scarcer. Recent work of Ribeiro
et al. (2024) for instance investigate the impact of firm characteristics on stock returns
in the Brazilian financial market, examining over 24 firm-level characteristics employing
techniques such as Fama-MacBeth regressions, advanced machine learning techniques such
as LASSO, non-parametric LASSO and Random Forest analysis. Arismendi-Zambrano,
Genaro e Alexandre (2023) study intraday stock returns using Ridge Regression, LASSO,
elastic net, PCR and PLS. Carosia, Silva e Coelho (2024) combine the use of historical
stock prices, financial technical indicators, and financial news into Deep Learning models
for select Brazilian stocks.Silva e Sartiro (2024) study the predictive power of CatBoost,
gradient boosting, AdaBoost, Light GBM and XGBoost models of stock return. Ferreira,
Gandomi e Cardoso (2020) use Decision Trees and Convolutional Networks in analyzing

the trend of future financial asset price movements.

The research done so far lack the application of a wider range of ML models
to Brazilian stocks as seen in Gu, Kelly e Xiu (2020) for the US market and do not
incorporate Brazilian macroeconomic factors in their models. We intend to incorporate

such innovations in our work as the primary contributions.



10

2 Literature Review

In this section we start by providing the basic definitions for measuring returns and
a quick review on Stochastic Discount Factor model under Modern Asset Pricing Theory,
which provides a general framework for pricing assets. Then, we conduct a literature review
exploring both traditional (econometrics-based) and nonstandard statistical tools (Machine
Learning-based) techniques in analyzing cross-section returns for Brazilian equities. We
also review recent results of machine learning (ML) methods in empirical asset pricing
carried out for developed markets data and for Brazilian equities. We also intend to show
that the span of ML models used so far Brazilian equities data set is scarce and fail to use
a larger set or predictors that include Brazilian macroeconomic factors, which is the main

innovation proposed in this work.

2.0.1 Price and Return

One stream of literature tries to identify predictors for the cross-section of stock

returns. Starting from a general additive prediction error model:

Tigr1 = Ei[risp1] + €41 (2.0.1)

where 7; 441 is the return of stock ¢ in excess of the risk-free rate between time ¢ and
t + 1. The conditional mean E,[r; ;11 is often modeled as an unknown function g * (.) that
tries to capture and maximize the explanatory power the predictor set for the observed
realized returns. z;; is a M-dimensional vector that contains the predictor set. Note that
g * (.) has not predefined functional form, which shall be implicitly obtained from the

tested machine learning models. The model can be expressed in Equation 2.0.2 as:

Tigp1 = g% (2i4:0) + €011 (2.0.2)

As we shall see below, the function for g * (z;;6) can assume virtually any form.
Under traditional empirical asset pricing models, it has usually consisted of a single or a
range of predictors in 6 expressed in a linear manner (i.e. CAPM, APT and other factor
models), while ML methods have allowed for the exploration of non-linearity in the dataset,

usage a large set of predictors and the inclusion of penalty functions.

2.0.2 Modern Asset Pricing Theory

Over the past four decades, the greatest endeavor in Asset Pricing Theory has been

documenting the properties of the stochastic discount factor (SDF), which allows to price
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any asset with unknown future payoff, with the goal of understanding the determinants

of asset returns. We lay out the core below, while a textbook treatment can be seen in
Cochrane (2005) and Back (2017).

2.0.2.1 The Stochastic Discount Function (SDF)

Given the importance of such concept in Asset Pricing Theory, we derive the SDF
equation below.
Consider an investor who seeks to maximize their expected utility of consumption over
multiple periods. The utility function u(C}) represents the investor’s preferences, where Cy
denotes consumption at time t. The objective of the investor is to maximize the expected

utility of lifetime consumption:

max Eq [i 5%(@)1 (2.0.3)

t=0
where [E, is the expectation based on information available at time 0,5 is a discount

factor, 0 < 8 < 1, T is the terminal period.

The investor’s consumption choices are subject to a budget constraint, which can

be expressed as:

Wt+1 - (Wt - Ct)(l + Rt+1) + }/t-l-l (204)

where W; is the wealth at time ¢,C; is the consumption at time ¢,R;;; is the return

on the investment between ¢ and ¢ + 1,Y;,; is the income received at time ¢ + 1.

To derive the SDF, we start with the first-order condition for utility maximization,
which leads to the Euler equation. The investor chooses consumption C; to maximize

expected utility, subject to the budget constraint. The Lagrangian for this problem is:

T T
E = ]EO [Z Btu<0t)‘| + Z )\t [Wt+1 - (Wt - Ct)(l + Rt+1) - 3/;54_1] (205)
t=0 t=0
Taking the derivative with respect to C} and setting it to zero, we obtain the Euler
equation:
oL
_— = ﬂtu'(C’t) — )\t(l -+ Rt+1) =0 (206)
0Cy
Solving for \;, we get:
€y,
) = G) (2.0.7)

14 Ry
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At time t + 1, the Euler equation is:

_ B (Crpa)

Nooq = 2.0.8

Using the budget constraint and the definition of A\; and A;, 1, we can derive the

relationship between them. Since A\, = E; [\ 41]:

(2.0.9)

Ar = Ey [Btﬂ“/(ctﬂ)]

I+ Riyo

By definition, the Stochastic Discount Factor M, is the ratio of the marginal
utility of consumption at time ¢t + 1 to the marginal utility of consumption at time ¢,

adjusted by the subjective discount factor :

U (Cyp1)

M1 =p———= 2.0.10

1 =0 ) ( )

This expression represents the SDF, which discounts future cash flows to their
present value, accounting for time preferences (/) and changes in marginal utility (%)

Most existing pricing methods, as the ones shown in sections 2.0.3 and 2.0.4, are

particular versions of the SDF.

2.0.3 Traditional Empirical Asset Pricing Models

Traditional asset pricing models have been central to financial economics, providing
foundational frameworks for understanding the relationship between risk and return. These
models include for instance the Capital Asset Pricing Model of Sharpe (1964), the Arbitrage
Pricing Theory of Ross (1976), and multifactor models like the Fama-French three-factor
Fama e French (1992) and five-factor models Fama e French (2015). Nonetheless, such
models have been designed under a traditional econometric approach to financial market
research that i) first specifies a functional form for the return forecasting model motivated
by a theoretical economic model, then ii) estimates parameters to understand how candidate
information sources associate with observed market prices within the confines of the chosen
model. As we shown in more detail in the Modern Asset Pricing Theory section , the
flexibility of the pricing Kernel (or alternatively Stochastic Discount Function, SDF) on
modern financial analysis allows for a wide variety of structural economic assumptions,
which implies that there is no consensus about which specific structural formulations are
viable (i.e. what is the optimal and most statistically significant set of predictors?Should
we embed a linear or non-linear structure to the observed data? Should we consider
interactions among predictors? Are they are static or time-variant?) as opposed to the

more rigid specifications under traditional models. Indeed, it does come as no surprise
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that traditional models have failed to match market price data as shown in Mehra e
Prescott (1985) describing the equity premium puzzle. Albeit the shortcomings faced by
the traditional empirical asset pricing models on the predictive power of asset returns, it

is key to laid them out to better grasp the advantages brought by ML methods.

2.0.3.1 Capital Asset Pricing Model (CAPM)

Developed independently by Sharpe (1964), Lintner (1965), and Mossin (1966)
the CAPM extends the principles of portfolio theory introduced by Markowitz (1952),
providing a model that establishes a linear relationship between expected returns of assets

and their systematic risk, as measured by beta.

The CAPM posits that the expected return on an asset is linearly related to
its systematic risk, which is non-diversifiable. The fundamental equation of CAPM is

expressed as:

E(R)) = Ry + f; (E(Rw) — Ry) (2.0.11)

where E(R;) is the expected return on asset i, Ry is the risk-free rate, 3; is the

asset’s beta, and F(R,,) is the expected return of the market portfolio.

2.0.3.1.1 Empirical Evidence and Criticisms

The stability of beta over time is a critical assumption of CAPM. However, empirical
research has shown that beta values can change significantly over time, affecting the
reliability of the model’s predictions as seen in Blume (1971). Moreover, CAPM relies on
a single market factor to explain asset returns. Multifactor models, such as the Fama-
French three-and-five factor models, discussed below, have been developed to address the
limitations of CAPM by incorporating additional factors like size and value. Furthermore,

empirical studies have identified several anomalies that CAPM fails to explain:

o Size Effect: Smaller firms tend to have higher risk-adjusted returns than larger

firms

e Value Effect: Firms with high book-to-market ratios outperform those with low

book-to-market ratios

o« Momentum Effect: Stocks that have performed well in the past continue to perform

well in the short term
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2.0.3.2 Arbitrage Pricing Theory (APT)

APT and CAPM share the goal of explaining the expected returns of assets, but
they differ significantly in their approach. Introduced by Ross (1976), APT provides an
alternative model specification by relaxing some of its restrictive assumptions and allowing
for multiple sources of systematic risk based on the notion that asset returns can be
modeled as a linear function of various macroeconomic factors. Empirical studies have
used various macroeconomic variables such as inflation, industrial production, interest
rates, and exchange rates as factors. Chen et al. (1986) conducted a seminal study that
identified these macroeconomic factors as significant in explaining stock returns. The key

assumptions of APT include:

1. No Arbitrage: In equilibrium, there are no arbitrage opportunities; otherwise, they

would be exploited by investors until eliminated.

2. Linear Factor Structure: Asset returns are generated by a linear combination of

several risk factors.

3. Idiosyncratic Risk: Each asset has a unique component of risk (idiosyncratic risk)

that is uncorrelated with the factors and can be diversified away in a large portfolio.

The APT model is specified as:

E(R;) = Ry + BuF1 + Biaka + - + B Fy (2.0.12)

where E(R;) is the expected return on asset i, Ry is the risk-free rate, f;; is the

sensitivity of asset ¢ to factor j, and F} is the risk premium associated with factor j.

2.0.3.2.1 Empirical Evidence and Criticisms

Empirical tests of APT involve estimating the sensitivities (betas in equation 2.0.12)
of asset returns to the identified factors and examining whether the estimated model fits
the observed returns. While some studies have shown that APT provides a better fit than
CAPM, others highlight difficulties in factor selection and model estimation as shown in

Shanken (1982). Among the mains issues with APT, one can mention:

1. Factor Selection - Identifying the correct set of factors is a significant limitation
of APT. The model does not specify which factors should be included, leading to

potential overfitting or underfitting depending on the factors chosen.

2. Empirical Implementation - Moreover, different studies often identify different

sets of factors, leading to inconsistent results.



Chapter 2. Literature Review 15

3. Market Anomalies - Like other asset pricing models, APT struggles to explain
certain market anomalies, such as momentum and the low volatility anomaly. These
anomalies suggest that additional factors or alternative models might be needed to

fully capture the dynamics of asset returns.

2.0.3.3 Multifactor Models - Fama-French three-and-five factor models

Eugene F. Fama and Kenneth R. French have significantly contributed to asset
pricing theory through their influential research. Their papers Fama e French (1992) and
Fama e French (2015) represent key milestones in the development of multifactor asset
pricing models challenging the traditional CAPM. They utilize regression analysis to
assess the explanatory power of various factors, including market factor (excess return
on the market portfolio), firm size (captures the return spread between small and large
firms), and value factor (captures the return spread between high book-to-market and low
book-to-market firms) in the three-factor model. In the five-factor model, they extend the
three-factor counterpart by including profitability and investment factors, thus providing
a more comprehensive explanation of stock returns. The data set used NYSE, AMEX, and
NASDAQ stocks from 1963 to 1990 and 1963 to 2013. The model specifications follow as
2.0.13 for the 3-factor model and 2.0.14 for the 5-factor.

E(R) — Ry = Bin (E(Rw) — Ry) + Bisnp - SMB + Bigr, - HML (2.0.13)

E(R;))—Ry = Bim (E(Rm) — Ry)+BismpSMB~+Bipnn-HM L+Bipvw - RMW +Bicpa-CMA
(2.0.14)

2.0.3.3.1 Empirical Evidence and Criticisms

While the three-factor and five-factor models have significantly advanced the
understanding of asset pricing, they are not without their limitations. Both models face
challenges related to omitted factors, empirical anomalies, complexity, and international
applicability. Additionally, the potential redundancy of factors and the assumption of
linear relationships pose further issues. Those issues are well-documents in N. e Titman
(2015),Ang et al. (2006), Sloan (1996), Novy-Marx (2013), and Asness, Moskowitz e
Pedersen (2013).
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2.0.4 Machine Learning Methods in Empirical Asset Pricing
2.0.4.1 Why Machine Learning (ML)?

The asset pricing literature has over time documented a wide variety of factors
purportedly predicting cross-sectional variation in expected returns in Harvey, Liu e Zhu
(2016) and Hou, Xue e Zhang (2015). This extensive collection of predictors, often defined
as the factor zoo has faced criticism due to doubts about the actual usefulness of the
proposed factors and the challenges associated with incorporating numerous sources of risk
into models. While this abundance of predictors promises enhanced return predictability,
it also raises several important questions on which variables are truly significant, how do

they interact, how can they be effectively integrated into models, to name a few.

At an intuitive level, machine learning is a way to pursue statistical analysis
when the analyst is unsure which specific structure their statistical model

should take.(KELLY; XIU, 2023)

This growing body of research has garnered considerable attention, as the results
achieved in several cases have been outstanding, providing new insights into the structure
of the Stochastic Discount Factor (SDF). Thus ML has been recognized as a powerful
alternative to traditional approaches, with relevant potential for future applications. A
thorough understanding of these models is crucial for those wishing to stay at the forefront

of financial research.

Thus, we follow Gu, Kelly e Xiu (2020) and use the term machine learning to
describe a collection of high-dimensional models for statistical prediction, combined with
regularization methods for model selection and mitigation of overfit, and efficient algorithms
for searching among myriad number of potential model specifications. Put it another way,
machine learning offers a way to perform statistical analysis when the exact structure of

the statistical model is not clear.

2.0.4.2 ML Models

Following Bagnara (2024) , one could group recent studies into five categories
according to the main ML approach they adopt, namely: i) regularization, ii) dimension
reduction, iii) regression trees, iv) random forest (RF), v) and neural networks. We include

a subsection to each ML area we use in this work with a brief introduction to its mechanics.

2.0.4.2.1 Penalized Linear Models: Elastic Net, Ridge and LASSO

The simple linear model imposes that conditional expectations g*(-) can be ap-

proximated by a linear function of the raw predictor variables and the parameter vector
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0,
9(zis;0) = 2;,0. (2.0.15)

This model imposes a simple regression specification and does not allow for nonlinear
effects or interactions between predictors. The loss function for the ordinary OLS is given
by 2.0.16

T

N
_ NT SN () (2.0.16)

i=1t=1

E(e, Zi t

OLS models, while simple and parsimonious, tend to show poor out-of-sample
performance, becoming inefficient or inconsistent when there are many predictors used
and they surpass the number of observations in the dataset. Moreover, beyond the issues
with the model structure, realized stock returns typically carry low signal-to-noise ratios,
so that OLS tend to over fit noise. A key strategy for preventing over fitting is to minimize
the number of parameters being estimated. The most prevalent machine learning method
for enforcing parameter simplicity is to incorporate a penalty into the objective function,

promoting more parsimonious models.

The statistical model for the penalized linear model is the same as the simple linear
model in 2.0.16, but it incorporates a penalty ¢(0;-) to the objective loss function defined
in 2.0.18

Epenalized(g; Zi,t) - £<97 Zi,t) + ¢<97 )‘7 p) (2017)
P

D0, X, p) = A1 —p) > 1(0;)| + )\pz (2.0.18)
7=1

Equation 2.0.18 is defined as elastic net, introduced by Zou e Hastie (2015), allows
for two types of models depending on the value of p. Whenp = 1 the model is named
the Ridge Regression Hoerl e Kennard (1970); when p = 0 we have the Least Absolute
Shrinkage and Selection Operator (LASSO) modelTibshirani (1996) !

By definition, the variables A\ and p are the so-called hyperparameters of the model,

which shall be determined through a cross-validation procedure?.

Diving a bit deeper into Ridge regression, LASSO and A:

1 According to Hastie Robert Tibshirani (2013) LASSO models show equivalance to Support Vector
Machine, which we do not include in our study.

Cross-validation textbook information can be found in Hastie Robert Tibshirani (2013) on pages
241-247
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 Ridge regression (p = 1): it penalizes the estimator for large values of theta, perfor-
ming shrinkage, i.e., draws all estimates coefficients in the OLS model towards zero,

but retaining them.

« LASSO (p = 0): it forces some of the estimated coefficients in the OLS model to

zero, instead of shrinking them.

e \: this hyperparameter controls for the amount of shrinkage. When A = 0 there is
not imposition of penalization, but as it increases, the model flexibility decreases,

leading to higher bias but lower variance.

2.0.4.2.2 Dimension Reduction: Principal Component Regression (PCR) and Partial Least
Squares (PLS)

The penalized linear models utilize shrinkage and variable selection to handle high

dimensionality by imposing predictors X, close (Ridge) to or exactly to zero (LASSO).

However, Gu, Kelly e Xiu (2020) calls the attention that this approach can result

in less effective forecasts when the predictors are highly correlated.

The basic idea behind dimension reduction methods relies in the transformation of
the original predictor set of size p into a M < p linear combination of those p predictors
and then fit a least squares model using the transformed predictor set. Thus, instead of
estimating p + 1 coefficient, the model estimates M + 1.According to Bagnara (2024), the
PCR method is the one applied the most in asset pricing, which we kick-off with.

The principal components regression (PCR )* method is based on the construction of
the first M principal components, Z,,, and then using these components as the predictors
in a linear regression model that is fitted using least squares.The central concept is that a
limited number of principal components are frequently enough to capture the majority of
the variability within the data and adequately explain the relationship with the response
variable. Under this approach, the implicit assumption is that the directions in which the
original predictors X, present the most variation are the ones associated with Y".*. The
main advantage of this approach is that it theoretically mitigates over fitting as all relevant
information is contained within Z,;. A example of such principal component regression

(PCR) can be found in Gu, Kelly e Xiu (2020).
According to Gu, Kelly e Xiu (2020) and Hastie Robert Tibshirani (2013), a

limitation of PCR is that, because it is based on a unsupervised method (i.e.the response

3 The PCR is based in the Principal Components Analysis model, which is the per se method for

computing the principal components in the predictor set.The first principal component direction of the
data is that along which the observations vary the most.

Note that such assumption is not always true, but it often is a good approximation according to Hastie
Robert Tibshirani (2013)
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Y is not used to help determine the principal component directions), one cannot assure
that the directions that best explain the predictors will also best explain the response Y.
In other words, it does not integrate the primary statistical goal of forecasting returns

during the dimension reduction phase®

The Partial Least Squares method (PLS) in contrast to PCR, PLS follows a super-
vised methodology, achieving dimension reduction by directly leveraging the covariation

between predictors and the response Y.

For each predictor p, one estimates its univariate return prediction coefficient using
conventional OLS. The estimated coefficient ¢,, indicates the partial sensitivity of returns
to each predictor p. Subsequently, one averages all predictors into a single aggregate
component, assigning weights proportional to ¢,. Thus, the absolute largest univariate
predictors receive the highest weights, while the weakest receive the lowest. Accordingly,
PLS performs dimension reduction with the primary objective of forecasting returns. Kelly
e Pruitt (2013) and Kelly e Pruitt (2015) show, for instance, for asymptotic theory of PLS

regression and its application to forecasting risk premiums in financial markets.

2.0.4.2.3 Regression Trees: Boosted regression trees and Random Forests

Modern asset pricing models exhibit a high degree of state dependence in financial
market behaviors. This suggests that including interaction effects in empirical models
is potentially important as evidenced in Hong, Lim e Stein (2000), which found that

momentum factor, for instance, interacts with firm size.

While one could in a straightforward manner incorporate such interactions in a
OLS model, computational costs would increase dramatically becoming infeasible because
the multi-way interactions increase the number of parameters combinatorilly, further the
previously discussed factor zoo issue. Note that penalization discussed above does not
solve the difficulty of estimating linear models when the number of predictors is larger

than observations (p >> n).

Regression trees come as an alternative as it allows the incorporation of myriad
predictor interactions at significantly lower computational costs. The basic idea of regression
trees is that, as they partition data observations into groups that share common feature
interactions, we can use past data for a given group to forecast the behavior of a new
observation that arrives in the group. Overall, the tree stratifies or segments the predictors

into regions of predictor space.

Intuitively, we follow the example of Kelly e Xiu (2023) to show in Figure 1 how

regression trees work for a set a two predictors, namely size and value or book-to-market

®  Principal Component Analysis (PCA) compacts data into components based on the covariation among

the predictors. This process occurs before the forecasting step and does not take into account the
relationship between the predictors and future returns.
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(b/m) factors.

1. observations are sorted on size.

2. those above the breakpoint of 0.5 are assigned to Category 3.

3. those with small size are then further sorted by b/m

4. observations with small size and b/m below 0.3 are assigned to Category 1
5. those with b/m above 0.3 go into Category 2.

6. forecasts for observations in each partition are defined as the simple average of the

outcome variable’s value among observations in that partition.

Size 0.5

Category 1 Category 2

Value
Figure 1 — Regression Tree example Kelly e Xiu (2023)

More formally, the prediction of a tree, T , with K “leaves” (terminal nodes), and
depth L, can be written as 2.0.19

9(24:0, K, L) = 0x1{z;, € Cr(L)} (2.0.19)

where Cy(L) is one of the K partitions of the data. Each partition is a product of
up to L indicator functions of the predictors. The constant associated with partition &

(denoted 0) is defined to be the sample average of outcomes within the partition.

2.0.4.2.4 Boosting Regression Trees

While regression trees are quite flexible, they are among the prediction methods

most prone to overfit, and therefore must be regularized.
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To address this issue, trees are typically used in regularized ensembles. A common
ensembling method is boosting E.Schapire (1990) and Friedman (2001), specifically Gra-
dient Boosted Regression Trees (GBRT'). This technique recursively combines forecasts
from many individual trees, which are shallow and weak predictors on their own, but
together form a single strong predictor. In other words, instead of "fitting the data hard’,

the boosting approach "learns slowly’, acocording to James et al. (2023).

The boosting procedure starts by fitting a shallow tree (depth of L = 1. Next, a
second shallow tree is used to fit the prediction residuals from the first tree. Forecasts
from these two trees are added together to form an ensemble prediction of the outcome,
but the forecast component from the second tree is shrunken by a factor v € (0, 1) to help
prevent the model from overfitting the residuals.This process is repeated iteratively to
form an additive ensemble of B shallow trees. As a result, the boosted ensemble has L, v,

and B as hyperparameters.

2.0.4.25 Random Forests

To understand Random Forests we first need to have a look at the concepts of
Bagging or Bootstrap aggregation, introduced by Breiman (2001). The decisions trees
discussed above suffer from high variance (i.e. meaningful difference in predictions for
randomly different training sets). In contrast, a low variance method will yield similar
results if applied repeatedly to distinct data sets. The bagging approach is based on the
trivial concept that averaging a set of n observations reduces variance from o2 for each
observation to %2 for the sample mean. Bagging is performed by sampling with replacement
(i.e. bootstrapping) from the single training data set to generate B different bootstrapped
training data sets.Then, we then train the method on each of the b-th bootstrapped
training set and finally average all the predictions to obtain the final prediction with lower
variance as it decorrelates the trees . Note that bagging can be applied to many regression

methods, but it is particularly useful for decision trees according to James et al. (2023).

Random forests, similarly to Bagging, we construct several decision trees using
bootstrapped training samples. In addition to that, when constructing these trees, each
time a split is considered, a random sample of m predictors is selected from the full set of
p predictors as split candidates. A new sample of m ~ \/]_96 predictors is taken at each
split (i.e. this process, named dropout does not allow for the majority of predictors to be
considered during the splits). This further decorrelates decision trees. A simple situation
explains why this works on reducing variance and improving Bagging’s predictive power:
suppose there is one predictor which is the strongest among all predictors, while others
have only moderate explanatory power. In this case, during the collection of bagged trees,

most or all of the trees will use this strong predictor in the top split. Consequently, all

6 Note that if we choose m = p, then we fall in the Bagging case.
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of the bagged trees will look quite similar to each other and highly correlated”. In a
nutshell, process decorrelates the trees, thereby making the average of the resulting trees
less variable and hence more reliable. The depth L of the individual trees, the number of
bootstrap samples B, and the dropout rate are tuning parameters of the Random Forest

model.

2.0.4.3 Performance Evaluation thought R3 s

We assess predictive performance for individual stock return forecasts, by calculating
the out-of-sample R% g, following Gu, Kelly e Xiu (2020).

~ 2
Z(z}t)@é (7‘1‘7t+1 - Ti,t+1)

Rios=1— : (2.0.20)

2 (i)eTs ri2,t+1
In equation 2.0.20 the term 73 refers the testing samples, which has never been
used for neither trained nor validation. R, pools forecasting errors across stocks and

over time into a large panel-level assessment of each ML model.

An important feature calculation approach shown in Equation 2.0.20 is that is
calculated without demeaning. In a traditional calculation, the denominator is often based
on the variance or sum of squared deviations of the dependent variable from its mean (i.e.,
demeaning the data).In this case, the denominator is the sum of squared excess returns
without demeaning, which means that instead of subtracting the mean of the returns
before squaring, the raw excess return values are squared and summed directly. According
to Gu, Kelly e Xiu (2020), predicting future excess stock returns with historical averages
typically underperforms a naive forecast of zero by a relevant margin.This is avoided by

benchmarking the R? against a forecast value of zero.

2.0.4.4 Variable importance from individual predictors

We seek to identify predictors that have relevant effect on the cross-section of stock
return while controlling for the remaining ones. We do this by ranking them according to a
notion of variable importance, which is obtained by the reduction in stock panel predictive
R% s from setting all values of predictor k to zero, while holding the remaining model

estimates fixed.

7 Averaging many highly correlated quantities does not lead to as large of a reduction in variance as

averaging many uncorrelated quantities, which entails that bagging might not lead to a substantial
reduction in variance over a single tree in this setting.
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2.0.5 The Case for Brazilian Stocks

The literature in Financial Machine Learning (see a comprehensive overview Bag-
nara (2024) and Kelly e Xiu (2023)) is still nascent, but have grown rapidly for US
data sets. Whilst research using US data sets is somehow abundant, research on ML
methods for Brazilian stocks is significantly scarcer. Recent work of Ribeiro et al. (2024)
for instance investigate the impact of firm characteristics on stock returns in the Brazilian
financial market, examining over 24 firm-level characteristics employing techniques such
as Fama-MacBeth regressions, advanced machine learning techniques such as LASSO,
non-parametric LASSO and Random Forest analysis. Arismendi-Zambrano, Genaro e
Alexandre (2023) study intraday stock returns using Ridge Regression, LASSO, elastic net,
PCR and PLS. Carosia, Silva e Coelho (2024) combine the use of historical stock prices,
financial technical indicators, and financial news into Deep Learning models for select
Brazilian stocks.Silva e Sartiro (2024) study the predictive power of CatBoost, gradient
boosting, AdaBoost, Light GBM and XGBoost models of stock return. Ferreira, Gandomi
e Cardoso (2020) use Decision Trees and Convolutional Networks in analyzing the trend
of future financial asset price movements.

The works done so far lack the application of a wider range of ML models to Brazilian
stocks as seen in Gu, Kelly e Xiu (2020) for the US market and do not incorporate Brazilian
macroeconomic factors in their models. We intend to incorporate such innovations in our

work as the primary contributions.
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3 An Empirical Study of Brazilian Stocks

3.1 Data description

We construct a panel consisting of i) monthly stocks returns from 312 stocks listed
in the Brazilian stock exchange from January 2011 to April 2024, amounting to 134 months
of data and 32 thousand observations for the 312 unique stocks. We also obtain the Brazil
SELIC rate to proxy for the risk-free rate from which we calculate individual excess
returns. Note that we follow Ribeiro et al. (2024) and Gu, Kelly e Xiu (2020), but taking
a factor-based approach instead of firm-characteristics. We also introduce a wide set o
macroeconomics factors from the Brazilian economy in our models in addition to US fed
funds rate, given the widely known correlation of Brazilian equities with the US economy
as seen in Wongswan (2009), Tabak, Laiz e Cajueiro (2017) and Robitaille e Roush (2006).

—— Number_of Stocks

20
200
180
160
140

120

o il i
Date

Figure 2 — Evolution of the number of stocks across the cross-section

For Brazilian stock returns, we use Eikon Refinitiv database. We used Brazil stock
market risk factors following a mean-sorted equal-weighted portfolio scheme, available
at CEFiM (2024) and calculated a wide of Brazilian macroeconomic factors based on
innovations of the raw variables, which were obtained by several sources, including the
Brazilian Central Bank Time Series Management System and the Brazilian Institute
of Geography and Statistics(IBGE). When implementing our ML models (ElasticNet,
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Principal Component Analysis, Partial Least Squares, Gradient Boosted Regression Trees
and Random Forest), we closely follow Gu, Kelly e Xiu (2020) in terms of range of tested

hyperpatameters.

3.1.1 Data treatment

The stock return dataset used in Ribeiro et al. (2024) implements a liquidity
filtering in which a company was considered eligible for inclusion if over the trailing
12-month period the stock i) traded on more than 80% of the trading days, ii) the average
trading volume surpassed the R$ 1 million mark, iii) the median daily volume trading
volume surpassed R$ 1 million, iv) the stock must have been listed for at least six months,
v) the stock must have been available for trading in the month preceding the assessment,
since return prediction exercise use 1-month lagged data. This methodology closely follows
Ribeiro et al. (2024) for comparability and assures stocks includes in our analysis dataset

show relevant market activity to enable empirical investigation.

When performing the analysis we apply a winsorization to the whole dataset
excluding sample outliers, namely the top and bottom one-percentile. In contrast to Gu,

Kelly e Xiu (2020)the dependent variable is also winsorized.

For handling missing data, only independent variables with less than 25% missing
values are retained. The remaining missing values are imputed using the cross-sectional
median for each stock within each month, following the approach outlined by Gu, Kelly e
Xiu (2020).

3.1.2 Training, validation and test sets

In machine learning, splitting the data into train, validation, and test sets is a
fundamental practice for building, evaluating, and fine-tuning predictive models. Each
subset serves a distinct purpose which we detail. The training set is used to fit the
machine learning model. It provides the model with the data it needs to learn patterns and
relationships between the input features and the target variable.The validation set is used
to evaluate the model during training and guide the selection of hyperparameters (e.g.,
learning rate, regularization strength, or the number of layers in a neural network).The test
set is used only once, at the end of model development, to assess the model’s performance

on unseen data.

We estimate our models over a 12-month rolling window that contains 60 months
for training, 24 months for validation, and for 12 months for testing. Our model coefficients
are calculated in each month for a range of potential hyperparameters in the training set.
We then use the validation set to compute predictions and calculate the mean squared error

(MSE) for the different models test (each with a specific value for the hypermateramter).
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In the test set, we use the optimal hyperparameters (i.e. those that minimize MSE in the
validation set) to calculate predictions and calculate R%,q for the current testing rolling
window. Finally, we aggregate all windows to obtain the model performance over the full
test set period, following Gu, Kelly e Xiu (2020).

3.1.3 Predictor set

We selected a total of 53 factors, being 29 Brazil market risk factors from CEFiM
(2024) following a median-sorted weighted average scheme and 24 Brazilian macroeco-
nomic ones, calculated as monthly innovations over the raw variables. Sources for the
macroeconomic variables were the Brazilian Central Bank (BCB), the Brazilian Institute
of Geography and Statistics (IBGE) and collected data from data aggregator consultancy
firm MCM Consultores Associados, which we describe in Figure 3. Statistical description

of the predictor set used is shown in Figures 4, 5, 6, and 7.
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Figure 4 — Description of Brazil equity market risk and macroeconomic factors
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Figure 5 — Histogram of firm characteristics and factors
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Figure 6 — Boxplot statistics of Brazil equity market risk and macroeconomic factors
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Figure 7 — Factors correlation matrix
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3.1.4 Hyperparamater tuning

We closely follow Gu, Kelly e Xiu (2020) on defining the range for hyperparameter
tuning used in our models. We slight differ in GBRT’s number of trees and maximum

depth for Random forest due to computational limitations.

Model OLS-3 | OLS PLS PCR ENet GBRT RF NN1 - NN5
Huber loss £ v v v
Others max components — 20 | max components — 10 =05 Depth—1 ~ 4 Depth=1 ~ 4 L1 penalty
#Trees=10 #Features in each split € {1,2,3,4,5,10,20,30,40...}
#Trees=100 Batch size = 1000
A€ (1075,107?)
Learning Rate LR € {0.01,0.1} LR € {0.01,0.1}
Epochs 100
Adam Para. Default

Table 1 — Hyperparameters tuning

3.1.5 Data Sampling

We used a rolling sampling scheme, similarly to Gu, Kelly e Xiu (2020).In this
method, the training and validation sets shift forward in time with each iteration, ensuring
that the total number of time periods in each set remains constant. For instance, we used
60 months of data for training, 24 for valuation an 12 for testing. For each rolling window,
the model is re-fitted using the current training and validation sets, and its performance is
evaluated on the test data not yet included in the rolling windows. This process generates
a sequence of performance metrics for each rolling window. The key advantage of this
approach is that it incorporates more recent data for predictions, making it more adaptive
compared a the fixed split scheme, in which the model is estimated only once from the

training and validation samples, attempting to fit all points in the testing sample.

For robustness checks, we also created two additional data sets containing large

and small stocks, using a top/bottom 30% market capitalization rule.

3.2 Results

3.2.1 The cross-section of individual stocks

We compare twelve models in total, namely OLS-3 with Huber Loss that contains
size, book-to-market, and momentum as the only predictors, OLS with Huber containing
all factors, Partial Least Squares (PLS), Principal Component Analysis (PCR), Elastic
net (ENet), Gradient Boosted Regression Trees (GBRT), Random Forest (RF), and

Feed-forward Neural Networks from one to five hidden layers.

Figures 8a, 8b and 8c and Table 2 we show out-of-sample R? for both the full
sample of stocks and for the subset of large and small ones, as defined previously. It is

notable the predictive power gains obtained from most of machine learning models (+0.24%
in R40S on average for ENet, PCR, PLS, GBRT and RF vs 4+0.17% for traditional OLS
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with all factors Huber Loss, OLS-All H+4, while feed-forward Neural Networks performed
worse), both in the full sample and in the large and small stocks sub-samples, added as

robustness checks.

ENet and PLS performed best across all sub-samples with R%,,¢ of 0.27% each, but
PCR and Random Forest performed similarly with R%¢ of 0.26% and 0.24%, respectively.
We can see that the usage of paramater shrinkage and variable selection 11,4, = 0.5 to
limit the regression’s degrees of freedom, greatly improved OLS-H+ results. Nonetheless,
differently from Gu, Kelly e Xiu (2020), feed-forward neural network models did not show
gains over OLS H+, but we reach similar findings on the higher predictive power of more
shallow neural networks compared to deeper ones (+0.15% in the 3-hidden layer version
being the best performing one compared to 0.09% and -0.08% for the four-and-five hidden
layer versions). The results seem robust as within large and small stocks, as obtained R%,¢
also performed better with ML models, in the exception of Gradient Boosted Regression
Trees. Finally, we found that R2,s were higher for small stocks compared both the full

sample and large stocks, despite their theoretically lower signal-to-noise ratio.

Full sample | Large firms | Small firms
OLS-3 H+ 0.1353 0.0405 0.2302
OLS-All H+ 0.1678 0.0449 0.2274
ENet 0.2732 0.2140 0.3403
PCR 0.2572 0.1839 0.3054
PLS 0.2656 0.1848 0.3202
GBRT 0.1810 -0.0103 0.1502
RF 0.2418 0.1814 0.2854
NN1 0.1230 -6.8824 -1.7040
NN2 0.1339 0.0298 -0.1058
NN3 0.1457 -0.0156 0.0400
NN4 0.0908 0.0108 0.0458
NN5 -0.0834 -0.0177 0.0494

Table 2 — R? ¢ performance metrics for different models.
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Figure 9 — Time-varying model complexity for various methods. For ENet we report the
number of features selected to have nonzero coefficients; for PCR and PLS,
we report the number of selected components; for RF, we report the average
tree depth; and, for GBRT, we report the number of distinct characteristics
entering into the trees. ENet, PLS and PCR used substantially mode non-zero
components (i.e. minimum 6 and maximum of 22) than did GBRT and RF,
which topped at four.
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3.2.2 The relevance of covariates

We investigate the relative importance of individual covariates in contributing to
the performance of each model, applying the importance measures outlined in the data
treatment section.Following Gu, Kelly e Xiu (2020) we calculate the reduction in R%¢
results for each ML method from setting all values of a specific predictor to zero within

each training sample.

These reductions are then averaged to obtain a single importance measure for each
predictor. Figure 10-16 display the resulting importance scores for all factors utilized in
our models. To ensure comparability, the variable importance scores within each model
are normalized to sum to one, enabling the assessment of relative importance within each

model.

We found macroeconomics factors overweight firm-related ones, with a predomi-
nance of country risk (EMBI Brazil Index), in ENet and PLS models, followed by the
expectations of macroeconomic conditions in PCR model, Brazil’s commodities composite
index in Random Forest model, and credit-to-GDP ratio in neural network . Among Brazil
equity risk factors, beta and price trends ranked the most relevant for the best performing
methods. Our findings suggest a high relevance of macroeconomic factors when predicting

monthly stock returns for Brazilian stocks.
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4 Conclusion

Backed by empirical asset pricing approach on cross-section stock return prediction,
we have have conducted a comparative analysis of methods in Machine Learning for
Brazilian stocks. We’ve run twelve models, including Brazil equity market risk factors
and innovating through the addition of a vast set of Brazilian macroeconomics factors.
We confirm literature results of gains in predictive power over traditional OLS models as
measure by Out-of-Sample R*for the vast majority of analyzed models, markedly variable
selection and shrinkage methods, such as Elastic Net and Partial Least Squares, which
while Feed-Forward Neural Networks underperformed, although we could see shallow
learning outperformed deeper learning as also seen in the literature. We have also found
that the employed methods delivered higher performance for small stocks, despite the
theoretically higher signal-to-noise ratio. Finally, running an out-of-sample variable impor-
tance analysis, we also found macroeconomic factors overweight firm-related ones, with a
slight predominance of country risk (EMBI Brazil Index), followed by the expectations
of economics conditions, Brazil’s commodities composite index, and credit-to-GDP ratio.
Among Brazil equity risk factors, beta and price trends ranked the most relevant for the
best performing methods. Our findings suggest a high relevance of macroeconomic factors

when predicting monthly stock returns for Brazilian stocks.
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